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Abstract Let G be a connected graph. The resistance distance between any two
vertices of G is defined as the net effective resistance between them if each edge of
G is replaced by a unit resistor. The Kirchhoff index is the sum of resistance dis-
tances between all pairs of vertices in G. Zhou and Trinajsti¢ (Chem Phys Lett 455
(1-3):120-123, 2008) obtained a Nordhaus-Gaddum-type result for the Kirchhoff
index by obtaining lower and upper bounds for the sum of the Kirchhoff index of
a graph and its complement. In this paper, by making use of the Cauchy-Schwarz
inequality, spectral graph theory and Foster’s formula, we give better lower and upper
bounds. In particular, the lower bound turns out to be tight. Furthermore, we estab-
lish lower and upper bounds on the product of the Kirchhoff index of a graph and its
complement.
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1 Introduction

Let G be a connected graph with vertices labeled as 1, 2, ..., n. It is well known that
the standard distance between two vertices i and j, denoted by d;;(G), is the length
of a shortest path connecting them. The Wiener index [1], or Wiener-Bavelas index of
G [2], denoted by W (G), is a famous distance-based topological index and is defined
as the sum of distances between all pairs of vertices in G:

W(G) =D dij(G).

i<j

In 1993, another novel distance function named resistance distance was identified [3].
They view G as an electrical network N by replacing each edge of G with a unit
resistor. Then the resistance distance between i and j, denoted by r;; (G), is defined to
be the net effective resistance between them in the network N. As an analogue to the
Wiener index W (G), they also defined the Kirchhoff index K f(G) of G as the sum
of resistance distances between all pairs of vertices, that is

Kf(G)=>rj(G).

i<j

It is shown that the Kirchhoff index has very nice purely mathematical and physical
interpretations. For example, Zhu et al. [4], and Gutman and Mohar [5] proved that
the Kirchhoff index of a graph is the sum of reciprocal nonzero Laplacian eigenvalues
of the graph multiplied by the number of vertices; Estrada and Hatano [6] showed that
the Kirchhoff index of a (molecular) graph is simply the sum of the squared atomic
displacements produced by small molecular vibrations multiplied by the number of
atoms in the molecule. Besides, it also serves as an important molecular structure-
descriptor in chemistry [7]. In view of the above, the Kirchhoff index is well studied
in mathematical, physical and chemical literatures, the reader are referred to [8-23]
and references therein.

A Nordhaus-Gaddum-type result is a (tight) lower or upper bound on the sum or
product of a parameter of a graph and its complement. Problems of this type were
first considered by Nordhaus and Gaddum [24] for the chromatic number. From then
on various graph parameters including topological indices were taken into consider-
ation, such as edge chromatic number [25], independence number [26], independent
domination number [27], spectral radius [28], general Randi¢ index [29], Wiener and
Zagreb indices [30], energy and Laplacian energy [31]. In [21], Zhou and Trinajstic
took the Kirchhoff index into account and obtained lower and upper bounds on the
sum of the Kirchhoff index of a graph and its complement. In this paper, firstly we
improve their bounds. By the Cauchy-Schwarz inequality and spectral graph theory,
we obtain a sharp lower bound, fully characterizing the graphs achieving this lower
bound, then by Foster’s formula and the Nordhaus-Gaddum-type result for the Wiener
index, we obtain a superior upper bound. Secondly, we give lower and upper bounds
for the product of the Kirchhoff index of a graph and its complement.
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2 Preliminaries

We recall some concepts, notations and results in graph theory.

The adjacency matrix A(G) of G is an n x n matrix with the (i, j)-entry
equal to 1 if vertices i and j are adjacent and O otherwise. Let D(G) =
diag (d1(G), d>(G), ...,d,(G)) be the degree-diagonal matrix of G, where d;(G)
is the degree of the vertex i,i = 1,2, ...,n. Then L(G) = D(G) — A(G) is called
the Laplacian matrix of G. In addition, the eigenvalues of A(G) and L(G) are called
eigenvalues and Laplacian eigenvalues of G, respectively.

Let 0 = Ap < A1 < --- < A,—1 be the Laplacian eigenvalues of G. Then the
Laplacian spectrum S(G) of G is defined as

S(G) = ()"Os )"11 M) )"n—l)~

Zhou [32] proved the following result

Theorem 2.1 Let G be a connected graph with n vertices. Then Ay = Ay = -+ =
M1 ifand only if G = K,,.

As mentioned in the first section, the Kirchhoff index of G can be expressed via
positive Laplacian eigenvalues as in the following theorem,

Theorem 2.2 [4,5] For any connected n-vertex graph G,n > 2,

n—1 1

Kf(G)=n) — M

=1

In what follows, we introduce the concepts of strongly regular graphs including
conference graphs, and review some properties of them.

Definition 2.3 A strongly regular graph with parameters (n, k, a, ¢), denoted by
srg(n, k, a, c), is a k-regular graph on n vertices such that for every pair of adja-
cent vertices there are a vertices adjacent to both, and for every pair of non-adjacent
vertices there are ¢ vertices adjacent to both. We exclude k = 0 and k = n — 1 from
being strongly regular.

There are three basic facts about strongly regular graphs.
Theorem 2.4 [33]

(a) The complement of a strongly regular graph is strongly regular; precisely, the
complement of asrgn, k,a,c)isasrgln,n—1—k,n—2—-2k+c,n—2k+a).

(b) A strongly regular graph is disconnected if and only if it is isomorphic to mK,
(the disjoint union of m copies of K, ), for some positive integers m and r; this

occurs if and only if ¢ = 0.

(c) Every connected strongly regular graph has diameter 2.
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It is well known [34] that a srg(n, k, a, ¢) has eigenvalues

a—c:l:\/Z

k, and 64 = >

with corresponding multiplicities

! —D(c—a) -2k
l,andm:F:E(n_l:F(n )¢ —a) )’

Ja
where A = (a — ¢)? 4+ 4(k — ¢) > 0. Conversely, it is shown that

Theorem 2.5 [34] A connected regular graph with exactly three distinct eigenvalues
is strongly regular.

Now we turn to an important class of strongly regular graphs-conference graphs.

Definition 2.6 A conference graph is a strongly regular graph with multiplicities
my =m-_.

A conference graph can also be defined in a another way as follows.
Lemma 2.7 [35] A graph G is a conference graphifandonly if G isa srg(n, %, %,
n—1
=)

It is easily verified that Theorem 2.4 (a) and (b) yield two simple properties of
conference graphs.

Proposition 2.8 (a) All conference graphs are connected.

(b) The complement of a conference graph is also a conference graph.

At the end of this section, we prove a simple result which is used later.

Lemma 2.9 Let G ba a connected srg(n, %, a,c). Then

n n—3
a+t+c=——.
2

Proof As G has diameter two by Theorem 2.4 (c), we choose an arbitrary vertex v
from V (G) and denote by S; the set of vertices at distance i to v, i = 1, 2. Clearly

181 = I52] = =2
11 = 21 = B .

By the definition of strongly regular graphs, any vertex in S has a neighbors in S,
and thus has (n — 1) /2 —a — 1 neighbors in S,, while any vertex in S> has ¢ neighbors
in 1. This indicates that (n — 1)/2 — a — 1 = ¢ and the proof is completed. O
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3 Bounds for Kf(G) + Kf(G)

In [21], Zhou and Trinajsti¢ obtained a Nordhaus-Gaddum-type result for the Kirchhoff
index.

Theorem 3_1 [21] Let G be a connected (molecular) graph on n > 5 vertices with a
connected G. Then

n+3n2+2n—6

4n —2 < Kf(G)+ Kf(G) < c

@

In this section, we improve their results by showing that

Theorem 3.2 Let G be a connected (molecular) graph on n > 5 vertices with a
connected G. Then

n3 4+ 17n — 18

4n < Kf(G)+Kf(G) < 3 :

3

and equality holds (at the lower bound) if and only if G is a conference graph.

Proof We first prove the lower bound. Letd; < dy <--- <dy,and 0 = Ap < A1 <
- < Ay—1 be the vertex degrees and the Laplacian eigenvalues of G, respectively.
Then it is well known that [36]

S(G) =(0,n = Ay1,n— Ay, ooy — Ap).

So by Theorem 2.2,
n—1 1 n—1 1
Kf(G)+ Kf(G) :nzrﬂzzn_/\_
i=1"" i=1 ¢
n—1
1 1
=3 )

n—1 1

_ 2
- in(n—m’

i=1
and by the Cauchy-Schwarz inequality, we have
Gt -1y
M —=2) T Y — )

“

i=1

Since
n n—1
w(L(G) =D di= > A
i=1 i=0
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and
n n—1
w(L(G)) = D (d] +di) = D A,
i=1 i=0
SO
n—1 n—1 n—1 n n
ZM(” —Ai) = nzki - ZA,Z = nzdi - Z(diz +d;)
i=1 i=1 i=1 i=1 i=1
n n n—1 2
=Z¢W”_MSZ(2)
i=1 i=1
nn — 1)2
-7 5
, (5)
and thus
n—1 2
_ 1 n—1
_ 2 2
Kf(G)+Kf(G)=n ; = = o = 4n. (6)

Now we discuss the sharpness of the lower bound. Equality holds in (6) if and
only if equalities in both (4) and (5) hold. Equality can only hold in (4) if for all
I<i#j<n—1,

Ai(n =) =Aj(n—Aj),
or equivalently
i —Aj))(n =4 —2;) =0,

which indicates that either A; = A or A; + A; = n; and equality can only hold in (5)
if G is (n — 1)/2—regular. From our hypothesis G is not complete, so by Theorem
2.1 we know A1 = Ay = --- = X,_1 is impossible, and equality can only hold in (4)
if G has exactly two distinct non-zero Laplacian eigenvalues A1 and n — A1; in other
words, G has exactly three distinct Laplacian eigenvalues 0, A1 and n — Aj. Since G
is (n — 1)/2-regular, G also has exactly three distinct adjacency-matrix eigenvalues

n—1 n-—1 N do +l )
, — A1 an - —
2 2 ! ! 2

By Theorem 2.5, G is strongly regular and thus we may suppose that G is a
stg(n, 5= L a,c¢). Then by the spectral property of a strongly regular graph we get
that the three distinct eigenvalues of G are

—1 —cEAA
n_’ and 64 = #, )

@ Springer



J Math Chem (2011) 49:1587-1598 1593

where A = (a — )2 +4((n — 1)/2 — ¢). Comparing (7) with (8), we know

a—c—i—«/K_'_a—c—«/K n—1 n—+1

& 6_= =a — c= — A+ A= =—1
+ + > 3 a—c 1+ A1 ) )

that is
c—a=1. )
On the other hand, by Lemma 2.9,

n—3
= —. 10
a+c 5 (10)

Combining (9) and (10), one finds a = % and ¢ = ”4;1. Hence G is a
srg(n, %, ?, %) and it follows that G is a conference graph by Lemma 2.7.

Furthermore, by Proposition 2.8, G is also a conference graph. Hence
Kf(G)+Kf(G) = 4n

with equality if and only if G is a conference graph.

To prove the upper bound, we use the famous Foster’s formula [37], which states
that the sum of resistance distances between all pairs of adjacent vertices in a con-
nected n-vertex graph is n — 1, whence > rij(G) + ijd[/@:l rij(G) =

dij(G) = "("—2_1) and recall that

i<jd;jG)=1
dij (G) + Zi<jd,-,-(5):l

[30] W(G) + W(G) < % with equality if and only if G = P, or G = P,.
Then it follows that

2(n —1). Clearly >

I<jd;;G)=1

_ — nn—1) nd+17n — 18
Kf(G)+ Kf(G) < W(G) +W(G) — (T —2(n — 1)) s

(1)

For equality in (11) to hold requires not only G = P, or G = P,, but also the
resistance distance between each pair of nonadjacent vertices in both G and G be
equal to the distance between them. But this is impossible since the resistance dis-
tance between every pair of nonadjacent vertices in P, is less than the shortest-path
distance between them because they are connected by more than one path. So

n3+17n — 18

Kf(G)+Kf(G) < 5

and the proof is completed. O
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Though the upper bound is not sharp, we can show that it is nearly the best possible
with an example. Take the n-vertex path P, for an example. It is well known that
3_n

Kf(Py) =W(P,) = - —

so it suffices to compute K f (P,). Since [38]

2 i
sy = (0,452 = asin? X 4sin2 P27
2n 2n n

SO

2271

I T ., (n—1Dm
S(P,) = On—4sm —,n —4sin ...,n—4sin” ——— ).
2n’ n’ 2n

Then by Theorem 2.2, we have

o n—1 1
ki =ny — o

—_— (12)
—.n- 4 sin b

Thus

1

Kf(Pn)+Kf(P_n)= “n — 4sin

2k71

2n
n—n n+5n—6
+n—1:—6 .

Comparing K f (P,)+ K f (P,) with the upper bound in Theorem 3.2, we can conclude
that the upper bound is nearly the best possible.

The above example not only illustrates that the upper bound is the best possible,
but also motivates us to propose the following conjecture.

Conjecture 3.3 Let G be a connected graph with a connected G. Then

Kf(G)+Kf(@G) <™ (13)

+nz

n—4 sm2 k” ’
with equality holding if and only if G = P, or G = P,

4 Bounds for Kf(G) x Kf(G)

The diameter of a graph G, denoted by d(G), is the maximum shortest-path distance
between any two vertices in G. In this section, we give bounds for the product of
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Kf(G)and Kf (G) in terms of the vertex number n and the maximum diameter of G
and G.

Theorem 4.1 Suppose that d = max{d(G), d(G)}. Then

= On* + 6n° — 23n% — 8n + 16), ifd=3,

4n—1)% < KF(G) x Kf(G) < { dn* 4 Ln3 — 242422
—%n + dzt;#, otherwise.

Proof Suppose that E(G) = m. By the Cauchy-Schwarz inequality,

n—1 n—1

Kf(G) x Kf(G) =n* %
i=1"" =1
,(n—1)? (n—1)2
X
Sk XIS =)
Y e VO el Vi
2m nn—1)—2m
n?(n — 14
T 2mn(n—1) — 2m)
n?(n — 1)*
()2

n—)»,'

=4(n —1)% (14)

Equality in (14) implies A1 = A» = - -+ = A, _1, which is impossible by Theorem 2.1.
Hence

Kf(G) x Kf(G) > 4(n — 1)°.

Now we prove the upper bound. Without loss of generality, suppose thatd = d(G).
If d =3, thend(G) < 3 and

Kf(G) x Kf(G)

> Gy [ | D] rii (@)
| i<J i<j

=| 2 G+ X, r(G)

i<j i<j
d;(G)=1 2<d;;(G)<3

X Z r,-,-(@)—l— Z rij(E)

i<j i<j
d;;(G)=1 22d;;(6)<3
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But then noting that by Foster’s theorem Zi jeplij =n— 1, and furtherfor2 < d;; <3

that the corresponding r;; < d;; < 3, we have

Kf(G) x Kf(G) < |:n—l+3(@—m):|[n—l+3m]

— (=12 43— 1)”(”2_ D +9(”(” —D —m)m

2

2
(n— 12430 — 1)”(”2_ D ("(”4_ 1))

IA

1
1—6(9n4 +6n° —23n% — 8n + 16).

Else,d =2ord > 3. Sinceif d(G) > 3, theﬂd(a) < 3 (cf. Exercise 1.6.12 in [39]),
so it holds forbothd = 2 and d > 3 that d(G) = 2. Thusifd =2 or d > 3, then

Kf(G) x Kf(G) = | D rij(G) | | D rij(G)
_i<j i<j

= D niG+ > G

i<j i<j
4 (G)=1 2<d;;(G)=d

X Z r,'j(a)-‘r Z ri./(E)

i<j i<j
d;;(G)=1 d;;(G)=2
—1
<|:n—l+d(%—m)][n—l+2m]
) nn —1)%d )
= =2dm” + (1= D@dn —d +29m+ ————+@m -1
(n—1)dn—d+2)1* d, 1,
=—2d|m— - —
[m 4d Tyt Ty
d>+2d—-2 , d+2 d*+4d+4
- n-— n+
4d 2d 8d
d, 15 d*+2d-2 , d+2 d*>+4d+4
<-n +=-n - n® — n—+ .
8 2 4d 2d 8d
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If we choose G to be a conference graph on n vertices, then as indicated in the

proof of Theorem 3.2,

Kf(G) = Kf(G) =2n.

Thus

Kf(G) x Kf(G) =2n x 2n = 4n?,

which enables us to conclude that the lower bound obtained in Theorem 4.1 is nearly
the best possible. However, as far as the upper bound is concerned, it can be seen from
the proof process that it is somewhat rough, so we have every reason to believe that it
will be improved in the future.

Acknowledgments This research is supported by the Welch Foundation of Houston, Texas (D.J. Klein
and Y. Yang through grant BD-0894) and by the National Science Foundation of China through Grant No.
10831001 (H. Zhang).

References

el

10.

11.
12.

13.

14.
15.

16.

17.

18.

H. Wiener, Structural determination of paraffin boiling points. J. Am. Chem. Soc. 69, 17-20 (1947)
A. Bavelas, A mathematical model for small group structures. Hum. Organiz. 7(3), 16-30 (1948)
D.J. Klein, M. Randié, Resistance distance. J. Math. Chem. 12, 81-95 (1993)

H.-Y. Zhu, DJ. Klein, I. Lukovits, Extensions of the Wiener number. J. Chem. Inf. Comput.
Sci. 36, 420-428 (1996)

I. Gutman, B. Mohar, The Quasi-Wiener and the Kirchhoff indices coincide. J. Chem. Inf. Comput.
Sci. 36, 982-985 (1996)

E. Estrada, N. Hatano, Topological atomic displacements, Kirchhoff and Wiener indices of mole-
cules. Chem. Phys. Lett. 486, 166-170 (2010)

W.J. Xiao, I. Gutman, Resistance distance and Laplacian spectrum. Theor. Chem. Acc. 110,
284-289 (2003)

O. Ivanciuc, D.J. Klein, Building-block computation of Wiener-type indices for the virtual screening
of combinatorial libraries. Croat. Chem. Acta 75, 577-601 (2002)

O. Ivanciuc, D.J. Klein, Computing Wiener-type indices for virtual libraries generated from hetero-
atom-containing building blcoks. J. Chem. Inf. Comput. Sci. 42, 8-22 (2002)

D.J. Klein, Graph geometry, graph metrics and Wiener. MATCH Commun. Math. Comput.
Chem. 35, 7-27 (1997)

D.J. Klein, Resistance-distance sum rules. Croat. Chem. Acta 75, 633-649 (2002)

D.J. Klein, T. Doslié, D. Bonchev, Vertex-weightings for distance moments and thorny graphs. Discrete
Appl. Math. 155, 2294-2303 (2007)

DJ. Klein, I. Lukovits, I. Gutman, On the definition of the hyper-wiener index for cycle-containing
structures. J. Chem. Inf. Comput. Sci. 35, 50-52 (1995)

J.L. Palacios, Closed-form formulas for Kirchhoff index. Int. J. Quantum Chem. 81, 135-140 (2001)
J.L. Palacios, Foster’s formulas via probability and the Kirchhoff index. Method Comput. Appl.
Prob. 6, 381-387 (2004)

Y.J. Yang, X.Y. Jiang, Unicyclic graphs with extremal Kirchhof index. MATCH Commun. Math.
Comput. Chem. 60, 107-120 (2008)

H.P. Zhang, X.Y. Jiang, Y.J. Yang, Bicyclic graphs with extremal Kirchhoff index. MATCH Commun.
Math. Comput. Chem. 61, 697-712 (2009)

H.P. Zhang, Y.J. Yang, Resistance distance and Kirchhoff index in circulant graphs. Int. J. Quantum
Chem. 107, 330-339 (2007)

. H.P.Zhang, Y.J. Yang, C.W. Li, Kirchhoff index of composite graphs. Discrete Appl. Math. 107,2918—

2927 (2009)

@ Springer



1598 J Math Chem (2011) 49:1587-1598

20.

21.
22.

23.

24.
25.

26.

27.

28.

29.

30.

31

32.

33.

34.

35.

36.

37.

38.

39.

W.Zhang, H.Y. Deng, The second maximal and minimal Kirchhoff indices of unicyclic graphs. MATCH
Commun. Math. Comput. Chem. 61, 683-695 (2009)

B. Zhou, N. Trinajestié¢, A note on Kirchhoff index. Chem. Phys. Lett. 455(1-3), 120-123 (2008)

B. Zhou, N. Trinajesti¢, On resistance-distance and Kirchhoff index. J. Math. Chem. 46(1),
283-289 (2009)

B. Zhou, N. Trinajesti¢, The Kirchhoff index and the matching number. Int. J. Quantum
Chem. 109(13), 2978-2981 (2009)

E.A. Nordhaus, J.W. Gaddum, On complementary graphs. Am. Math. Monthly 63, 175-177 (1956)
Y. Alavi, M. Behzard, Complementary graphs and edge chromatic numbers. SIAM J. Appl.
Math. 20, 161-163 (1971)

G. Chartrand, S. Schuster, On the independence numbers of complementary graphs. Trans. New York
Acad. Sci. Ser. II 36, 247-251 (1974)

W. Goddard, M.A. Henning, Nordhaus-Gaddum bounds for independent domination. Discrete
Math. 268, 299-302 (2003)

Y. Hong, J. Shu, A sharp upper bound for the spectral radius of the Nordhas-Gaddum type. Discrete
Math. 211, 229-232 (2000)

H. Liu, M. Lu, F. Tian, On the ordering of trees with the general Randi¢ index of the Nordhaus-Gaddum
type. MATCH Commun. Math. Comput. Chem. 55, 419-426 (2006)

L. Zhang, B. Wu, The Nordhaus-Goddum-type inequalities for some chemical indices. MATCH Com-
mun. Math. Comput. Chem. 54(1), 189-194 (2005)

B. Zhou, I. Gutman, Nordhaus-Gaddum-type relations for the energy and Laplacian energy of
graphs. Bull. Cl. Sci. Math. Nat. Sci. Math. 134, 1-11 (2007)

B. Zhou, On sum of powers of the Laplacian eigenvalues of graphs. Linear Algebra Appl. 429, 2239—
2246 (2008)

P.J. Cameron, in Strongly regular graphs, ed. by L.W. Beineke, R.J. Wilson Selected Topics in Graph
Theory (Academic Press, London, 1979), pp. 337-360

C. Godsil, G. Royle, Algebric Graph Theory (Springer, New York, 2001)

J.H. van Lint, R.M. Wilson, A Course in Combinatorics (Cambridge University Press, New York, 1992)
D. Cvetkovic, M. Doob, H. Sachs, Spectra of Graphs: Theory and Application (Academic Press, New
York, 1980)

R.M. Foster, in The average impedance of an electrical network, ed. by J.W. Edwards Contributions
to Applied Mechanics (Ann Arbor, Michigan, 1949), pp. 333-340

W.N. Anderson, T.D. Morley, Eigenvalues of the Laplacian of a graph. Lin. Multilin. Algebra 18,
141-145 (1985)

J.A. Bondy, U.S.R. Murty, Graph Theory with Applications (North Holland, Amsterdam, 1976)

@ Springer



	New Nordhaus-Gaddum-type results for the Kirchhoff index
	Abstract
	1 Introduction
	2 Preliminaries
	3 Bounds for Kf(G)+Kf(overlineG)
	4 Bounds for Kf(G)×Kf(overlineG)
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


